Spiro proved that the identity function is the only multiplicative function with f (p) = 0 for some prime p and f (p + q) = f (p) + f (q) for all prime p and q. We determine the sets S of primes for which restricting our condition to f (p + q) = f (p) + f (q) for all p, q ∈ S still implies that f is the identity function. We prove that S satisfies these conditions if and only if S contains every prime that is not the larger element of a twin prime pair and S contains 5 or 7.
unique. Chen and Chen [1] proved the following result, which implies that odd primes are not AU as a consequence. Then, f(n) = n for all n or f (n) = 2, if n is even,
1, if n is odd.
Our result shows that almost all primes are "necessary" for AU in the sense that an additively unique set of primes must contain them.
Theorem 1.2. A set S of primes is AU if and only if it contains every prime that is not the larger element of a twin prime pair and at least one element of {5, 7}.
The proof of this result is very similar to Spiro's proof that the primes are AU and follow its structure closely.
Preliminary Results
To start the proof, we show that the primes listed in Theorem 1.2 are necessary. From here on, S will refer to a set of primes.
Lemma 2.1. If S is AU, then S contains every prime that is not the larger element of a twin prime pair.
Proof. Let p 0 be a prime that is not the larger element of a twin prime pair. Suppose p 0 / ∈ S. Consider the function
It is clear that f is multiplicative. Let p, q ∈ S. Then, p and q are primes that are not equal to p 0 . If p 0 = 2, then p + q > p 0 . Otherwise, p 0 is odd. If p + q = p 0 , then p or q must be 2. But, this is impossible because p 0 is not the larger element of a twin prime pair. Hence, Once again, f is multiplicative. Let p, q ∈ S. Then, p, q, p + q = 7 because the only way to express 7 as the sum of two primes is 2 + 5. So, f ∈ F. Because f is not the identity function, S is not AU. Now we have the necessity of the primes in Theorem 1.2, we may spend the rest of the paper establishing their sufficiency. Over the next few lemmas, we show that if f (m + n) = f (m) + f (n) for all m, n in an additively unique set S, then f (n) = n for all n ≤ 23.
Proof. Suppose f (2) = 2. Let p 0 be a prime that is not the larger element of a twin prime pair. We see that
Hence, f (2) = 0. If p 0 is the larger element of a twin prime pair, then
implying that f vanishes on all primes. Suppose 7 ∈ S. Then,
At least one of f (2), f (7) is zero. Once again, f (4) = 2f (2) and f (5) = f (2). Note that
and
So, f (2) = 0 if and only if f (7) = 0. Hence, f (2) = f (7) = 0. This implies that f vanishes on the primes, which is impossible. Thus, f (2) = 2. We split the proof of f (3) = 3 into two cases, depending on whether 5 ∈ S or 7 ∈ S. In both parts, we write f (n) in terms of f (3) for multiple values of n, then use these values to solve for f (3). In addition, we note that f (4) = 2f (2) = 4 and f (5) = f (3) + 2.
(1) Suppose 5 ∈ S, we have (2) Suppose 7 ∈ S, we have We extend this lemma a little further.
Lemma 2.4.
Using the same conditions as before, f(n) = n for all n ≤ 23.
Proof.
We proceed by induction starting from the fact that f (n) = n for all n < 5. If n is not a prime power, then n = ab, with gcd(a, b) = 1 and a, b > 1. So, f (n) = f (a)f (b) = n. We only need to check that f (n) = n when n is a prime power. The only possibilities are n = 5, 7, 8, 9, 11, 13, 16, 17, 19, 23. In both cases of the previous proof, f (5) = f (3) + 2, f (7) = f (3) + 4, f (11) = f (3) + 8, and f (17) = 3f (3) + 8. Therefore, f (n) = n for all n ∈ {5, 7, 11, 17}. Here are the other primes:
The only remaining cases are n = 8, 9, 16. If 5 ∈ S, then
In addition to proving that the primes are AU unconditionally, Spiro also found a shorter proof conditional on Goldbach's Conjecture. Similarly, we may prove Theorem 1.2 using a variant of Goldbach's Conjecture, which we write here. Proof. We already know that f (n) = n for all n ≤ 23. We proceed by induction. Suppose f (n) = n for all n < m with 23 < m ≤ M . We show that f (m) = m. If m is not a prime power, then m = ab for some relatively prime a, b with a, b > 1. Therefore,
If m is the larger element of a twin prime pair, then
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Suppose m is a prime for which m − 2 is not prime. Then, m + q ≡ 2 mod 4 for some q ∈ {3, 17}. In this case, (m + q)/2 is an odd number. Because (m + q)/2 < m, we have
which implies that
Suppose m is a prime power other than 49 and 64. If m is a power of 2, then m = p + q for some prime p, q with p − 2, q − 2 not prime. By our inductive assumption, f (m) = m. Suppose m is an odd prime power. Then, 2m = p + q with p − 2, q − 2 not prime. Let p < q. Then, p < m < q < 2m. We know that f (p) = p, so it suffices to show that f (q) = q. There exists an r ∈ {3, 17, 23, 29} such that q + r ≡ 4 mod 8. Thus,
We obtain f (q) = q and f (m) = m. Finally, we consider n = 49 and n = 64 
An Unconditional Proof
Computational tests show that Conjecture 2.5 holds for all prime powers less than 10 16 . a Therefore, f (n) = n for all n ≤ 10 16 . Our goal for the rest of the paper is to show that f (n) = n for all n. First, we show that f (n) = n on a specific set H containing the primes. Then, we show that if n is the smallest number satisfying f (n) = n, then there exists a number m with gcd(m, n) = 1 and mn = p + q with p, q prime and p − 2, q − 2 prime. This will imply that f (n) = n by induction.
Theorem 3.1. Let
Then, f(n) = n for all n ∈ H.
a Contact the author for PARI/GP code. Int. J. Number Theory Downloaded from www.worldscientific.com by UNIVERSITY OF GEORGIA on 10/16/18. Re-use and distribution is strictly not permitted, except for Open Access articles.
Proof. Suppose there exists a prime p such that p / ∈ S and there do not exist x, y ∈ S such that x + y = p. Then, the function f (n) = 1, if n ∈ {1, p}, 0, otherwise is a nonvanishing non-identity multiplicative function with the property that f (x)+ f (y) = f (x + y) for all x, y ∈ S.
Corollary 4.2.
For an AU set S not containing 1,
Proof. By the previous lemma, (S ∪{0})+(S ∪{0}) contains the primes. Therefore,
π(x) ≤ #((S ∪ {0}) + (S ∪ {0})) ≤ (#(S ∪ {0}))
2 .
Because π(x) ∼ x/log x, we have S x/ log x.
Is this bound optimal? In addition, how sparse can an AU set containing 1 be? Corollary 4.2 does not hold when 1 ∈ S. Chung and Phong [3] have shown that the tetrahedral numbers are AU (and have conjectured that the k-tetrahedral numbers are AU for k > 3). As far as the author is aware, the tetrahedral numbers are the sparsest AU set currently known.
